ON SYMPLECTC HALF-FLAT MANIFOLDS 
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Abstract. We construct examples of symplectic half-fiat manifolds on com- 
pact quotients of solvable Lie groups. We prove that the Calabi-Yau struc- 
tures are not rigid in the class of symplectic half-flat structures. Moreover, we 
provide an example of a compact 6-dimensional symplectic half-flat manifold 
whose real part of the complex volume form is d-exact. Finally we discuss the 
4-dimensional case. 



1. Introduction 

Half-flat structures arise as a special class of SU(3)-structures introduced by Hitchin 
in |13j . An SU(3)-structure {uj,J,ip) on a 6-dimensional manifold M is said to be 
half-flat if the defining forms uj e A^(Af), ^eip e A^{M) satisfy 

(1) dujAuj = 0, d^e^P^O. 

Condition ([T]) is equivalent to require that the intrinsic torsion of (w, J, ijj) is sym- 
metric. In [IB] Hitchin proves that, starting with a half-flat manifold {M,uj, Jjip), 
if certain evolution equations have a solution coinciding with the initial datum 
(ti;,'0) at time t = 0, then there exists a metric with holonomy contained in G2 on 
M X I for some interval / (see also [2], [1]). 

In the present paper we study symplectic half-flat manifolds, namely 6- 
dimensional manifolds M endowed with an SU(3)-structure (w, J, 4') satisfying the 
following 

(2) duj^O, d3?eV = 0, Ai^ ^ -^iu^ . 

In such a case, since ^eip is a calibration on M, we can deflne special Lagrangian 
submanifolds as compact three-dimensional Lagrangian submanifolds of M, cali- 
brated by 3?e'0 (see [T^). 

It turns out (see lemma 2.3 and [3] for its proof) that the complex volume form 
of a symplectic half-flat manifold (M, w, J,ip) is parallel with respect to the Chern 
connection V of the almost Kahler manifold {M,uj, J). Therefore, in such a case, 
the holonomy of V is contained in SU(3). Note that if the almost complex structure 
J is integrable, then (A/, w, J) is a Kahler manifold and the Chern connection co- 
incides with the Levi-Civita one and, consequently, in this case symplectic half-flat 
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manifolds are Calabi-Yau manifolds of complex dimension 3. Therefore, symplec- 
tic half-flat manifolds can be viewed as an extension of Calabi-Yau manifolds to 
the non-integrable case. In particular, symplectic half-flat manifolds are general- 
ized Calabi-Yau manifolds in the sense of Hitchin. Indeed, Hitchin in [14 gives 
the notion of generalized Calabi- Yau structure on a manifold M of dimension 2m 
as a closed complex form (p of mixed degree which is a complex pure spinor for 
the orthogonal vector bundle TM (BT*M endowed with the natural pairing <, > 
and such that < tf,Tp >^ 0. It turns out that such a structure (see [13]) induces 
a generalized complex structure on AI (see Two basic examples of general- 

ized Calabi-Yau manifolds are furnished by holomorphic Calabi-Yau manifolds and 
symplectic manifolds. In the first case if ^' denotes the holomorphic volume form 
on the Kahlcr manifold M, then (p — defines a generalized Calabi-Yau structure 
on M . In the second case, if lu is the symplectic form on M , then if = exp(ia;) is a 
generalized Calabi-Yau structure on M. 

In this paper we give some explicit examples of compact symplectic half-flat 
manifolds arising as quotient of solvable Lie groups and we construct a family of 
symplectic half-flat structures {cut, Jt,tpt) on the 6-dimensional torus T'', coinciding 
with the standard Calabi-Yau structure for t = 0, but which is not Calabi-Yau for 
t (see example 13.21 and theorem 13. 3p . For other examples we refer to [7\ and 
[3]. Then we give a symplectic half-flat structure on a compact 6-manifold whose 
complex volume form has real part d-exact (see theorem 13. 5p . This is in contrast 
with the integrable case, namely in the context of Calabi-Yau geometry, where the 
real part of the complex volume form cannot be exact. Finally, we consider the 
4-dimensional case. As in the 6-dimensional case, we characterize such structures 
in terms of stable forms (see proposition [521). 

In section 2, we start by recalling some facts on symplectic half-flat manifolds. In 
section 3 we describe the compact examples previous mentioned. In the last section 
we consider the 4-dimensional case. 



2. Symplectic half-flat geometry 

Let M be a 6-dimensional smooth manifold and let L{M) be the principal 
GL(6, ]R)-bundle of linear frames on M. An SU(3)-structure on M is a reduc- 
tion of L{M) to a principal bundle whose structure group is isomorphic to SU(3). 
It is well known that SU(3)-structures on M are in one-to-one correspondence with 
the triple {ujyJj'ljj), where 

• a; is a non-degenerate 2-form on M; 

• J is an w-calibrated almost complex structure, i.e. J is an almost com- 
plex structure on M such that the tensor (?j(-,-) = w(-, J-) is an almost 
Hermitian metric. 

• "0 G Aj^(M) is a complex volume form on M such that 

- 4 c 

A ?/' = ~ 3*"^ ■ 

Definition 2.1. An S\J (3) -structure {uj,J,tp), is said to be symplectic half-flat if 
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Symplectic half-flat manifolds lie in the intersection of sympleetie manifolds and 
half-flat manifolds. The latter ones have been introduced by Hitchin in [13] (see 
also '^). 

Now we present symplectic half-flat structures in terms of differential forms and 
the Chern connection. In order to do this we start with recalling the following 

Definition 2.2. Let (V,uj) be a symplectic vector space of dimension 2n; the sym- 
plectic Hodge operator 

*: A''{V*) A2"-'^(T/*) 

is defined by 

a A */3 = u}{a,l3)— . 

n\ 

Now we describe the standard model: 

On let us consider the natural symplectic structure 

UJ3 = dxi A dx4 + dx2 A dx^ + dx^ A dxQ , 

where {xi, . . . ,xq} are the standard coordinates on R^, and let 

Ag(M^*) = {17 e A3(m6*) I f7Aw3 = 0}. 

The group 

G ^ Sp(3,M) X m; 

acts on Ai](R6*) by 

{A,tm = tA*in), 

for any A G Sp(3,M), t e R*^, where Sp(3,R) denotes the symplectic group on 
Moreover, the 3-form 

f^o = SJe {dzi A dz2 A dz^) 

belongs to Aq(M^*), where dzh = dxh + idxh+3, h — 1,2, 3. 
Let us consider the map 

defined by 

Pf2(a) = -^*(r!A*(r!Aa)), 

for any a G Ai(R^*). We have 

• W3(Pj2a,/3) = -~uj3{a,Pn/3), 

• P^=cI,ceR 

(see e.g. [6]). 

Given ft € Ai](R6*), let 

Fn: A^R^*) ^ A^{R'^*) 
Fo(a) ^nAa. 

Then we get that the following facts are equivalent: 

• fl belongs to the G-orbit of JIq, 

• Fq is injective and oj^ is negative defined on Im(Fo). 



4 



ADRIANO TOMASSINI AND LUIGI VEZZONI 



A 3-form il e A'^(M^*) is said to be positive if Fa is injective and lu^ is negative 
defined on lm{Fn) (in this case c = — -v^det Pq) and normalized if detPo = 1. 

Let (Af, to) be a symplectic manifold. Let J be an w-calibrated almost complex 
structure on M and let 

be the almost Hermitian metric associated with [lo, J). Denote by V^*^ the Levi- 
Civita connection of gj. Then the Chern connection on (Af, uj, J) is defined by 



It is known that 



2 



V5 = 0, VJ = 0, T^^^Nj 



where 

Nj{X, Y) = [JX, JY] - J[JX, Y] - J[X, JY] - [X, Y] 

is the Nijenhuis tensor of J (see e.g. [ID])- Let (Af, J) be an almost complex 
manifold; then the exterior derivative 

d: AP/{M) AP+2'«-i(A/) ® AP+i^'?(Af) © AP/+\M) ® Ay^^'^+^iM) 

splits as 

d = A J + 5j + 5 J + 3,7 . 

Note that by the Newlander-Nirenberg theorem J is complex if and only if Aj — 0. 

Let (Af , uj) be a 6-dimensional (compact) manifold equipped with an w-calibrated 
almost complex structure J and a complex (3, 0)-form ip satisfying 

^ A V' = -ie" uj^ , 

where cr is a C°° function on Af. Set 

n := 3?eV- 

The following lemma (see [B^) gives a characterization of symplectic half- flat struc- 
tures in terms of differential forms and the Chern connection. 

Lemma 2.3. With the notation above, the following facts are equivalent 

idn = o 

I a = const. 

'dn = 

b) {nALU = 

:\/3e^°^/^ri is positive and normalized at any point 



V?A = 

Aj(^)+3j(V') = 0. 



c) 

Remark 2.4. By lemma 12.31 one can define a symplectic half-flat manifold as a 
(compact) 6-dimensional symplectic manifold (Af, u) endowed with an u-calibrated 
almost complex structure J and a (3,0)-form -0 such that 

fyv- = 

\Aj(iJ) + Aj{i:)^0. 
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Therefore, the holonomy of the Chern connection of a symplectic half-flat manifold 
is contained in SU(3). 

Alternatively, a symplectic half-flat structure can be given by a pair (w, Jl), where 
w is a symplectic form and 17 is a closed 3-form satisfying Q A w = and which is 
positive and normalized at any point. Indeed, in this case the w-calibrated almost 
complex structure is given by the isomorphism dual to and the complex volume 
form is 

ij ■.= n + iPn{n). 

Remark 2.5. Observe that if 

dSfie ip = d5m ■0 = 0, 

then the almost complex structure is integrable (hence (M, oj, J, ip) is a Calabi-Yau 
manifold) . 

Indeed, if a G Aj'°(M), then 

= d{a A -0) = da A 

and consequently 

d(A,V°(M)) c A^'°(M) e AY{M). 

Let {AI,uj, J,tp) be a symplectic half-flat manifold. As in the Calabi-Yau case, 
the 3-form f2 = iReV' is a calibration on AI (see [E])- Therefore we can give the 
following 

Definition 2.6. A special Lagrangian submanifold of {M,uj, J,ip) is a compact 
submanifold p : L ^ M calibrated by ^ttjj. 

We have the following 

Lemma 2.7. Let p: L ^ M be a submanifold. The following facts are equivalent 

1. p*{lu) = 0, p*(3mV) = 0; 

2. there exists an orientation on L making it calibrated by SReV'- 

3. Examples of compact symplectic half-flat solvmanifolds 

In this section we give some examples symplectic half-flat manifolds and special 
Lagrangian submanifolds. We give also an example of a smooth family of a sym- 
plectic half-flat structures on the 6-dimensional torus which is integrable for t = 0, 
but not integrable for t ^ 0. 

Example 3.1. Let G be the Lie group of matrices of the form 





e* 













yi 


\ 







e-* 





a;e~* 





V2 












e* 








Wi 















e-* 





W2 


















1 


t 




I 

















1 


/ 



Let 

ai = dt, a2 = dx, — e'^^dyi — xe~*dwi 

a4 — e*dy2 — xe*dw2, — e^^dwi, ae — e*dw2 ■ 
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Then {ai, . . . , ae} is a basis of left-invariant 1-forms. 
By dH]) we easily get 

dai = da2 = 
da^ = —ai A as — Q!2 A a5 
(4) < da4 = ai A 0:4 — a2 A ag 

da^ = —a\ A as 
dag = ai A ag . 
^g} be the dual frame of {ai, . . . , ag}; we have 
d 



Let {^1 
(5) 

From ^ we obtain 



dt 



, 6 



d 



h xe —— , ,^g = e \-xe 

owi oyi 0W2 oy2 



(6) 



[6,6] =6, [6,6] = -6, ,[6,6] = 6 
[6,6] = -6, [6,6] =6, [6,6] = 6 

and the other brackets are zero. 

Therefore G is a non-nilpotent solvable Lie group. 

By [8] G has a cocompact lattice F. Hence 

M = G/F 

is a compact solvmanifold of dimension 6. Let us denote with tt: — > M the 
natural projection. Define 

(jj = ai A a2 + as A ag + a4 A a5 

and 

^(6) = 6 , ^(6) = 6 , J(6) = 6 
J(6) = -6, J(6) = -6, J(6)--6. 

Then w is a symplectic form on M and J is an cj-calibrated almost complex structure 
on M. Set 

tp — i{ai + ia2) A (aa + iag) A (a4 + ia^) ; 
a direct computation shows that (w, J, ip) is a symplectic half-flat structure on M . 
Let consider now the lattice S C given by 



A := Span, 




( 1 \ 



V j 





V 1 J 




1 

V ^^ J 



where /i = ^ -'^ . Let T'' be the torus 

T"* = M*/A . 

For any p, g e Z let q) be the transformation of represented by the matrix 

/ eP^ qeP^ \ 






V 



-pA Q 






qe 



aP>' 
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where A = log^^^. 
Then 

MP,(l){[yi,y2,zi,Z2], {t,x)) = {p{p,q)[yi,y2,zi,Z2], {t+p,x + q)) 

is a transformation of T"* x for any p,q G Z. Let Q be the group of such 
transformations. The manifold M can be identified with 

T4 X R2 



Let consider now the involutive distribution V generated by {^2,^3,^4} ^^'^ let 
p: L ^ M he the leaf through 7r(0). 
By ([5]) and the identification ([7]) we get 

7r"^(L) = {2; = (xi, . . . ,2:6) e I xi = X5 = Xq = 0} ; 

hence L is a compact submanifold of M . By a direct computation one can check 
that 

|p*(3mV') = 0. 

Hence L is a special Lagrangian submanifold of {M,uj, J,tp). Moreover, by [8] we 
have 

H'^{AI,M.) = Span][j{[ai A 02], [cks A ag], [ct^ A ag + 04 A 0:5]} 
Therefore, we get 

p*{H^{M,R)) = 0. 

Example 3.2. Let (a;i, . . . ,xe) be coordinates on and let 

UJ3 = dxi A dxi + dx2 A dx^ + dxs A dxe 

be the standard symplectic form on M®. Let a = a(xi), b = b{x2), c = c(x3) be 
three smooth functions such that 

Ai := 6(2:2) - 0(2:3), A2 := -0(2:1) + 0(2:3), A3 = a(2:i) - 6(^2) 

are Z^-periodic. Let us consider the W3-calibrated complex structure on defined 

by 

r = 1, 2, 3. Define a (3,0)-form on by 

-0 = i{dxi + ie^^dx4^) A {dx2 + ie^^dx^) A {dxs + ie^^dx^) . 
Then we get 

ip Alp = -ifti'l 
dSReV' = 0. 

Since Ai, A2, A3 are Z^-periodic, (W3, J, 7/;) defines a symplectic half-flat structure on 
the torus = M^Z^. Now consider the three-torus L = tt{X), where tt: ^ ^6 
is the natural projection and 

X = {(2:1, . . . , xg) e R6 I 2:1 = 2:2 = 2:3 - 0}. 

It is immediate to check that L is a special Lagrangian submanifold of . 
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Now we are ready to state the following 

Theorem 3.3. There exists a family {ujt, Jt,i^t) of symplectic half-flat structures 
on the 6-dimensional torus , such that (luo, Jo^ipo) is the standard Calabi-Yau 
structure, but {ujt, JtTipt) is not integrable for t ^ 0. 



Proof. By using the notation of example 



let 

-tA,. _ 



dx3 + r- 



ijjt = dxi A dx4 + dx2 A dx^ + dx^ A dx^ 



for r = 1,2,3, 
and 

'^|;^ = i{dxi + ie*^^dx4) A {dx^ + ie*-^^dx^) A (^0:3 + ie^^^dxe) ■ 
Then {T^ ,ujt, JtjiJ't) is a symplectic half-flat manifold for any t e M, such that 
{T^,ujo, Jo,tpo) is the standard holomorphic Calabi-Yau torus and Jt is non- 
integrable for t ^ (here we assume that Ai, A2, A3 are not constant). □ 

Example 3.4. Let consider now the Lie group G of matrices of the form 



A 



where xi,X2,ui,U2,y,t are real numbers. Let F be the subgroup G formed by 
the matrices having integral entries. Since F is a cocompact lattice of G, then 
M :— G/T is a 6-dimensional nilmanifold. 
Let consider 

. d d d ^ d 

Ki = ^ + xi- VX2^ — , 6 = — , 



/ 1 





Xl 


Ui 





^ 





1 


X2 


U2 














1 


y 

















1 




















1 


t 


V 














1 / 



dui 



' du2 



dx2 



dy 

ax\ at au\ 0U2 

Then {^1, . . . , ^e} is a G-invariant global frame on M . 
The respective coframe {ai, . . . , ag} satisfies 

{dai = da2 ~ das = da^ — 
da^ = Q!i A 03 
daQ — ai /\ a2 ■ 

The symplectic half-flat structure on M is given by the symplectic form 

= ai A Q!4 -f Q!2 A as -t- as A ag , 
by the w-calibrated almost complex structure 

J{^l) - ^4 , J{i2) = ^5 , = ^6 , 

and by the complex volume form 

tp — {ai + ia4) A (a2 + ia^) A (03 -I- iag) . 
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Q!156 J 
- ^456; 



0} 



By a direct computation we get 

3?e = ai23 - "345 + ^246 - 
3m V' = "234 - "135 + "126 

Let 

X = {AeG I y = x2 = u2 
and 

L = n{X) , 

tt: G ^ M being the canonical projection. Then L is a special Lagrangian torus 
embedded in (M, w, J, 

In order to obtain some cohoniological obstructions to the existence of a sym- 
plectic half-flat structure (w, J, ■(/;) on a compact 6-manifold M, one can ask if the 
cohomology class [5Re tp] is always non-trivial. Observe that in the Calabi-Yau case 
one has [die tp] ^ 0. In our context we have the following 

Theorem 3.5. There exists a compact 6 -dimensional manifold admitting a sym- 
plectic half-flat structure {uj^J^ili) such that 

[^eip] =0. 

Proof. Let G be the Lie group consisting of matrices of the form 

\ 

A 



where x,y, z are real numbers and 











X 










y 








1 


z 


V 








1 



V5 



A = log ■ 

Then G is a connected solvable Lie group admitting a cocompact lattice T (see [5]). 
Therefore N = G /T is a 3-dimensional parallelizable solvmanifold. It can be easily 
showed (see [5] again) that there exists a coframe {ai, Q2, ^3} on M satisfying the 
following structure equations 

dcti = — Aai A 
da2 = Aa2 A 
da^ = . 

Let M = NxN. Then M is a compact 6-manifold admitting a coframe {ai , . . . , ag} 
satisfying 

dai = —Xai A as 
da2 — Ack2 A as 
das = 

da^ = — Aa4 A ag 
da^ = Aq!5 a ckg 
^ daQ = . 

Let us now construct a symplectic half- flat structure on M satisfying [SRei/;] — 0. 
Let {oj, J) be the almost Kahler structure on M given by the symplectic form 

a; = q;i A a2 4- a4 A as + as A ag 
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and by the w-calibrated almost complex structure J defined as 

where {^i, . . . ,^6} is the frame on M dual to {ai, . . . ,ae\. 
Then the complex 3-form 

1/2 

= ^ (o^i + ^Q^a) A (a4 + ia^) A (as + ia^) . 

defines together with (cj, J) a symplectic half- flat structure on M . 
Moreover 

-\/2 

V' = — (-"134 + ai46 - "135 - "156 " "234 - "246 + "235 " "256) 

and a direct computation gives 

SRe = 7— d{ai A 04 + ai A as — q;2 A 04 + q;2 A a^) . 
La 

This ends the proof. □ 

Remark 3.6. The symplectic manifold (M, w), described in the last example, 
satisfies the hard Lefschetz condition, i.e. 

^fe . A3-'=(M) ^ A3+'=(M) 

k = \,2 induces an isomorphism in cohomology. Indeed, it is immediate to check 
that 

H\M,^) = Spanu{["3],["6]}, 

i/2(M,]R) = SpanR{[ai A q;2], ["4 A 05], [aa A ae]} , 

i/^(M, K) = Spanjj{[a3 A q;4 A a5 A Ckg], ["1 A a2 A aa A Qfg], ["1 A q;2 A 014 A 0:5]} , 
i/'^(M, M) = Spanjj{[ai A 02 A Q!4 A 0:5 A ag], ["1 A Q!2 A Q!4 A 0:5 A ag]} . 

Therefore, if = ai A a2 + "4 A as + as A ag, then it is easy to verify that (M, lo) 
satisfies the hard Lefschetz condition. Hence, in view of a Proposition of Hitchin 
(see [Ml prop. 7]) we have that [M,uj) satisfies a dd-^-lemma (see [Ml def. 5] for 
the precise definition). Consequently, the manifold M has a symplectic half-flat 
structure (w, J,')/') such that the symplectic structure w gives rise to a generalized 
Calabi-Yau structure on M satisfying the dd^'-lemma. 

4. The four-dimensional case 

Let (M, oj) be a (compact) 4-dimensional symplectic manifold and J be an lo- 
calibrated almost complex structure on M . Let ■0 be a nowhere vanishing (2, 0)-form 
on M satisfying 

Then the conditions 

jVtP = 
[dmiP = 

imply 

d(3mV') =0. 
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Indeed, if VV' — 0, then dj-^ — and 

Since 'Aj'\\) G A^y^(Af) and Ay^) e Aj^(M) , we get = which imphes that J is 
holomorphic. In dimension 4 we adopt the following definition (see also [5]) 

Definition 4.1. Let Af 6e a (compact) A- dimensional manifold. A special sym- 
plectic structure on M is a triple {oj,J,Tp), where 

• u is a symplectic form, 

• J is an uj-calibrated almost complex structure on M , 

• tp is a non-vanishing (2,0)-/orm satisfying 

d^e^j = 0. 

The following proposition gives a characterizations of a 4-dimensional special 
symplectic structure in terms of differential forms. The proof of this proposition 
can be obtained using the same argument as in ^ proposition 1] . 

Proposition 4.2. Symplectic half-fiat structures on a A- dimensional manifold are 
in one-to-one correspondence to the triple (w, £7+, f2_) of 2-forms on M satisfying 
the following properties 

1. uj An+ = uj Afl^ = n+ = 0; 

2. n+ A n+ = Q- A il- = u; A ui ^ ; 

3. ifLx^+ = iY^-,thenuj{X,Y)>0; 

4. duj = dn+ = . 

Note that, when a triple (w, Q-) is given, the complex volume form of the 
associated special symplectic structure is simply obtained by taking 

The following proposition gives an explicit formula for the almost complex structure 
induced by a triple of 2-forms (a;, Q-^, Q^) satisfying the properties stated above 

Proposition 4.3. Let M be a A-manifold and let (a;, r2_) be a triple of forms 
satisfying the properties 1 — A of proposition \4-^ Then the lu- calibrated almost 
complex structure induced by (tj,ri+,ri_) is the dual of the endomorphism P of 
T* M defined by the following formula 

P(a) = *(cj A A a)) , 

where, as usual, it is the symplectic star operator associated with u and a € T* M . 

Proof. Since the triple (w,f2+,r2_) induces an SU(2)-structure, M admits a local 
coframe B — {e^, e^, e'^, e^} with respect to which the structure forms w, 51+, r2_ 
take the standard expressions 

= A + A , 
f7+ = A - A e\ 
r2_ = A + A e^ 
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With respect to the dual frame of B the almost complex structure J induced by 
{w, 0+, 0_) on M reads as the standard one given by the following relations 

J(ei)=e2, J(e2) = -ei 

J(e3) = 64 , J(e4) = -63 . 

Hence it is sufficient to prove the proposition for these data and the latter is a direct 
computation. □ 

Note that il_ and J are related by = Furthermore if * denotes the 

Hodge star operator of the metric induced by a triple (w, then *ri_|_ = 0_. 

The following lemma gives a topological obstruction to the existence of special 
symplectic structures on compact 4-manifolds. 

Lemma 4.4. Let M be a 4,- dimensional compact manifold admitting a special sym- 
plectic structure. Then 

dim(i/'^(M,K)) > 2. 

Proof. Let (WjJjtp) be a special symplectic structure on M and let 0+ = ^tijj, 

= 3m -iA- First of all wc observe that 17+ is a symplectic form on M and 
consequently it cannot be exact. Furthermore if a[Lu] + b[Q+] = for some a, 6 S M, 
then 

aO+ + bu) = da, 

for some a £ A^{M). This last equation together with ri+ A w = readily im- 
plies few^ = d{a A Lo), which forces b to vanish. Hence ui and induce M- linear 
independent classes in H'^{M,R) and dim(if2(M,K)) > 2. □ 

As in the 6-dimensional case, if (M, w, J, tp) is a 4-dimensional symplectic half- 
flat manifold, then f7 = 3?e -0 is a calibration on M. Furthermore in an obvious way 
we have the definition of special Lagrangian submanifold. 
We end this section with the following 

Example 4.5. Now we recall the construction of the Kodaira-Thurston manifold. 
Let G be the Lie subgroup of GL(5, M) whose matrices have the following form 



/ 1 


X 


z 





\ 





1 


y 














1 

















1 


t 


I 











1 / 



where x, y,z,t G M. Let F be the subgroup of G of matrices with integers entries. 
Since F is a cocompact lattice in G, we get that 

M = G/T 

is a compact manifold. M is called the Kodaira-Thurston manifold. 
Let {^1, . . . , ^4} be the global frame of M given by 

d d d d d 

^'^Yx' ^^^d-y^-'d-z' ^^=ai' ^^=di- 

We easily get 

[6,6] = 6 
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and the other brackets are zero. 

The dual frame of {^i, . . . , ^4} is given by 

ai = dx , a2 = dy , — dz — xdy , = dt . 

We have 

dai = da2 = da4 — , das = —ai A a2 ■ 
The special symplectic structure on M is given by the forms 

uj = ai A as + a2 A a4 

= i{ai + ia^) A {a2 + ia^) 
and by the almost complex structure 

J(Ci)=6, J{^2) = U, 

J{^3) - -^1 , ^(^4) = -6 . 

We immediately get 

9m -0 = ai A a2 — q;3 A a4 , 
3?e '0 = q;2 A Q!3 — Q!i A a4 . 

Hence 

d^tp = 0. 

Let X c G be the set 

X = {AeG I x = t = 0} 

and 

L = niX), 

where tt : G M is the natural projection. Hence L is a compact manifold 
embedded in M. Moreover the tangent bundle to L is generated by {^2, £,3}', so we 
get 

p*(3mV') = 0. 
Hence L is a special Lagrangian torus. 
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